Abstract. We prove Polterovich's conjecture concerning the growth of the number of nodal domains for eigenfunctions on a unit square domain, under the assumption that the eigenfunctions do not have any singular points.
Introduction
Let Ω ⊂ R 2 be a domain with a piecewise smooth boundary. Let {φ j } j≥1 be an orthonormal Dirichlet eigenbasis with the eigenvalues 0 < λ 1 < λ 2 ≤ λ 3 . . ., i.e., −∆φ j = λ j φ j φ j (x) = 0 for x ∈ ∂Ω φ j , φ k = δ jk where ∆ = ∂ 2 x + ∂ 2 y is the Laplacian on R 2 , and δ jk is the Kronecker delta. We assume that all φ j 's are real-valued.
Denoting by N (φ j ) the number of nodal domains (connected components of Ω minus the zero set of φ j ), Courant's nodal domain theorem [Cou23] implies that
for all j ≥ 1. This inequality is sharp, and we say that λ j a Courant-sharp Dirichlet eigenvalue, whenever the equality is satisfied by φ j . For instance, λ 1 , λ 2 are Courant-sharp Dirichlet eigenvalues.
For large values of j, (1.1) is not sharp anymore. In particular, Pleijel's theorem [Ple56] states that by considering a sequence of Dirichlet eigenfunctions {sin(kπx) sin(kπy)} k=1,2,... . In [Pol09] , Polterovich observed that Pleijel's inequality should not be sharp, because it uses Faber-Krahn inequality which is only sharp on a disk, whereas not all nodal domains can simultaneously be disks. He also conjectured that the maximum number of nodal domains are obtained by the eigenfunctions sin(kπx) sin(kπy) on Ω = D, i.e.,
The idea that not all nodal domains can simultaneously be disks was used by Bourgain [Bou15] to improve Pleijel's inequality, see also [Ste14] . In [Bou15] , the packing density of disks, and a refined Faber-Krahn inequality are used to prove that lim sup
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[Ste14] utilizes a "geometric uncertainty principle" that quantifies the fact that if a partition is given by sets of equal measure, then the sets cannot be disks, and proves the existence of a small constant η > 0, such that
The main purpose of this article is to present a new way of counting the number of nodal domains. In particular, we give a proof of Polterovich's conjecture (1.3) for certain eigenfunctions on a unit square domain D. (We refer the readers to [HH15] for the case of irrational rectangles.) Theorem 1.1. Let 0 < λ 1 < λ 2 ≤ λ 3 ≤ . . . be the complete spectrum of Laplacian on a unit square domain
Let φ j be a real valued Dirichlet eigenfunction on D with the eigenvalue λ j . Assume that φ j does not have any interior singular point, where both the value and the gradient vanishes. Then we have
Remark 1.2. For any coprime integers a, b, and a real parameter t ∈ R, sin(πax) sin(πby)+t sin(πbx) sin(πay) is a real valued Dirichlet eigenfunction on D with the eigenvalue π 2 (a 2 + b 2 ). It has no interior singular point for all but finitely many t ∈ R.
The main idea of the proof is to construct a mesh, where most of the connected components of the nodal set have to intersect at least twice. By counting the number of zeros of the eigenfunctions on the mesh, we find an upper bound for the number of connected components of the nodal set. When an eigenfunction does not have any singular point, the number of connected components of the nodal set +1 is the number of nodal domains on D, from which Theorem 1.1 follows. We describe details in the following section.
In Section 3, we demonstrate how one can improve the counting and go beyond (1.3) by considering different types of meshes for eigenfunctions on a flat torus.
In Section 4, we consider nodal domains of eigenfunctions on a closed surface. In particular, we prove a formula that relates the number of nodal domains with the number of singular points and the number of connected components of the nodal set. As an application, we give a quick proof of an upper bound for the number of singular points that is first obtained in [DF90] and [Don92] .
Proof of the main theorem
Let Z φ = {0 < x, y < 1 : φ(x, y) = 0} be the interior nodal set. Then each connected component of Z φ is either a closed curve or a segment touching the boundary ∂D. We label connected components of Z φ those are segments by Z φ,s (1), . . . , Z φ,s (N s ), and those are closed curves by Z φ,c (1), . . . , Z φ,c (N c ). Firstly, note that we have the following equality for the number of nodal domains of φ
which is the nodal set of sin √ τ − π 2 x sin πy. We may choose τ > λ such that M τ intersect Z φ transversally. (Note that τ can be chosen arbitrarily close to λ.) Lemma 2.1. Any Z φ,c (j) should intersect M τ at least twice.
Proof. If some Z φ,c (j) does not intersect M τ , then we have a connected component of D − M τ that contains a nodal domain of φ. This is contradiction to τ > λ. Since Z φ,c (j) is a closed curve and any connected component of M τ divides D into two, the intersection has to occur at least twice. Therefore it has at most √ λ π sign changes. From these two lemma, we conclude that
for any τ > λ.
In order to bound N s , we first note that each Z φ,s has two end points on ∂D. Also note that there exists a sufficiently small ǫ > 0, such that the number of end points on
is equal to the number of zeros of φ on {(ǫ, y) : 0 < y < 1}.
It follows from the same argument in Lemma 2.2 applied to this segment that there are at most
hence there are at most 4 √ λ π end points on ∂D. Therefore
and combining with (2.1), we have
Further development
To begin with, we define N (θ) to be the set of positive integer n such that there exists a sector S α,θ := {(r, ϕ) ∈ R 2 : α < ϕ < α + θ, r ≥ 0} for some α so that no solution (a, b) ∈ Z 2 to a 2 + b 2 = n is contained in S α,θ . For instance, if the number of distinct solutions to a 2 + b 2 = n is less than 2π θ , then n is in N (θ). Theorem 3.1. Fix θ and ǫ, such that θ > ǫ > 0. Let 0 < λ 1 < λ 2 ≤ λ 3 ≤ . . . be the complete spectrum of Laplacian on a flat torus T = R 2 /Z 2 . Let φ j be a real valued Laplacian eigenfunction on T with the eigenvalue λ j . Assume that φ j does not have any singular point, and assume further that n j := λ j /(4π 2 ) ∈ N (2θ). Then we have that
Remark 3.2. For any pair of integers a and b, cos 2π(ax+by) is an eigenfunction that has no singular point.
(In fact, in each eigenspace E λ , the set of eigenfunctions with at least one singular point has codimension ≥ 1 [ORW08, Lemma 2.3].) So the Theorem applies to cos 2π(ax + by) with θ = π/9, whenever a 2 + b 2 = p is a prime ≡ 1 (mod 4), since x 2 + y 2 = p has exactly 8 integral solutions.
Remark 3.3. The existence of a sequence of eigenfunctions on T for which we have stronger upper bound than (1.3) was known in [Bou14] . In [Bou14] , Bourgain adopted the idea of Nazarov-Sodin [NS09] to a certain sequence of eigenfunctions on T and proved that
for such eigenfunctions φ j , where κ > 0 is the constant given in [NS09] (it is known that κ ≤
One of the necessary conditions that the eigenfunctions φ j should satisfy is that the set
being equidistributed on the unit circle as j → ∞. Note that this is mutually exclusive to the condition that the eigenfunctions in Theorem 3.1 satisfy.
Proof. We first fix a finite set of points P (ǫ) in Z 2 such that S α,ǫ contains at least one element of P (ǫ) for any α. We may assume without loss of generality that n j > x 2 + y 2 for any (x, y) ∈ P (ǫ). From the assumption that n j ∈ N (2θ), there exists a point (p, q) ∈ P (ǫ) such that
we see that for any fixed τ ≥ 0,
is a trigonometric polynomial of length ≤ 2 √ n j p 2 + q 2 cos(θ − ǫ) + 1. Now let C(p, q) be a closed geodesic on T, that is an image of
For any small τ > 0 we let M (p, q) τ be the union of shifts of C(p, q),
and the image of
we see that the region in T bounded by C(p, q) + kτ and C(p, q) + (k + 1)τ has the first Dirichlet eigenvalue q 2 ) = λ j , then any connected component of the nodal set of φ j should intersect M (p, q) τ at least twice.
Denoting by C(φ j ) the number of connected components of the nodal set of φ j , we have
where the latter term amounts to the intersection between the nodal set and E. Note that when φ j has no singular points, we have C(φ j ) + 1 ≥ N (φ j ), we therefore conclude that
and the theorem follows from the Weyl law j = λj 4π + O( λ j ).
On closed surfaces
We first prove an inequality for a graph embedded on a closed surface.
Lemma 4.1. Let G be a graph embedded on a closed surface M with genus g. Let v, e, f , and c be the number of vertices, edges, faces, and connected components of G. Then we have
Proof. The right hand side is (6.1) of [JZ16] . To prove the left hand side inequality, we first note that when g = 0, we have the equality v − e + f − c = 1. We are going to prove the other cases by induction on c + g. Assume that the inequality is true for all c and g such that c + g = N . For a pair of a graph G and a closed surface M , we consider two cases:
(1) Every face is homeomorphic to a disk.
(2) Otherwise. In the first case, we have c = 1, and v − e + f = 2 − 2g (Euler's theorem), so the inequality is satisfied.
In the second case, we can find a face of G that contains a closed curve C that is not contractible within the face. M − C is a surface with two boundary components, so we consider a closed surfaceM obtained by attaching two caps on each boundary component. IfM is connected, then we have v =ṽ, e =ẽ, c =c, f ≥ f , andg = g − 1, hence by the induction hypothesisṽ −ẽ +f −c ≤ 1, we see that v − e + f − c ≤ 1.
IfM is disconnected, then we have two graphs embedded on surfaces: (G 1 ,M 1 ) and (G 2 ,M 2 ). If both G 1 and G 2 are non-empty, then c j + g j ≤ N for j = 1, 2, hence
for j = 1, 2 by the induction hypothesis. Now because v = v 1 + v 2 , e = e 1 + e 2 , f = f 1 + f 2 − 1, and c = c 1 + c 2 , we conclude that v − e + f − c ≤ 1. Now, we consider the case that G 2 is empty. In this case, g 2 has to be greater than equal to 1, because of the assumption that C is not contractible. Hence g 1 ≤ g − 1, and so we can apply the induction hypothesis to (G 1 ,M 1 ). Because v = v 1 , e = e 1 , f = f 1 , and c = c 1 , this completes the proof.
This lemma allows one to express the number of nodal domains in terms of the number of connected components of the nodal set, and the order of vanishing of singular points.
Theorem 4.2. Let M be a smooth compact Riemannian surface. Let φ be a real valued Laplacian eigenfunction on M . We denote by C(φ) the number of connected components of the nodal set Z φ , by Σ(φ) the set of all singular points of φ. Then we have
Proof. As done in [JZ16] , we may give a graph structure to the nodal set. In this context, we have N (φ) = f , C(φ) = c. To handle v and e, observe that (ord x=p φ(x) − 1). Now the theorem follows by Lemma 4.1.
As a direct application, we give a short proof of an upper bound for the number of singular points of an eigenfunction on a surface, that is first obtained in [DF90] and [Don92] : Proof. Courant's general nodal domain theorem implies that N (φ j ) ≤ j, and Weyl's law implies that j is asymptotically proportional to λ j . Therefore we have Proof. It is proven in [Uhl76] that eigenfunctions on a generic surface do not have any singular points.
In particular, as done in previous sections, we may bound the number of nodal domains by counting the number of connected components of the nodal set on generic surfaces. However, the input that is missing in this case is the sharp upper bound for the number of intersection between the nodal set and a curve.
